Introduction
• Implied volatilities found using traded option prices vary with respect to option moneyness; smiles and skews are observed.
• Use alternative to the Black-Scholes asset return dynamics to capture the leptokurtosis found in financial time series data e.g. Merton's (1976) jump-diffusion model, Heston's (1993) 
Presentation Overview
• Review of existing literature.
• Problem definition.
• The solution using the Fourier transform.
• Structure of the solution.
• Solving the IPDE directly via the method of lines.
• Solving the IPDE via componentwise splitting.
• Numerical results.
• Conclusion.
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• Kim (1990), Jacka (1991), Carr, Jarrow & Myneni (1992): various derivation methods; decompose option price into European price plus an early premium term.
• Jamshidian (1992): transforms homogeneous FBVP to inhomogeneous unrestricted BVP.
• Meyer and Van der Hoek (1997): Method of Lines.
• Various authors: Finite difference methods, finite element methods etc. • Probability Methods (Jacka, 1991) : extended to stochastic volatility for American options by Touzi (1999).
• Compound Option Approach (Kim, 1990; Geske & Johnson, 1984) : extended by Zhylyevsky (2005) using Fast Fourier Transforms.
• Incomplete Fourier Transform and modifications (McKean ,1965; Jamshidian, 1992) : extended to stochastic volatility by Chiarella and Ziogas (2006).
Literature Review: Jump Diffusions
• Merton (1976): European call options under jump-diffusion.
• Pham (1997): American puts under jump-diffusion; behaviour of the price and free boundary using Ito calculus.
• Gukhal (2001): Kim's method for American calls and puts under jumpdiffusion.
SV + JD Dynamics
• SDE for S:
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American Call: Free Boundary Value Problem
• IPDE for C(S, v, τ ):
• λ J (Y ) -the MPR associated with a jump in S with magnitude Y .
• Assume the market price of volatility risk is of the form
• Solved in the region 0 ≤ τ ≤ T , 0 < S ≤ b(v, τ ).
• Subject to BCs
• In the volatility domain the boundary conditions are
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Cost incurred by the investor from downward jumps in S.
General Form of the Solution
• The Jamshidiam approach gives the solution of the form -The price, free boundary, delta and gamma are all found as part of the computation.
-The method discretises the IPDE in an intuitive manner, and is readily adapted to be second order accurate in time.
• The key idea behind the method of lines is to replace an IPDE with an equivalent system of one-dimensional integro-differential equations (IDEs).
• The system of IDEs is developed by discretising the time derivative and the derivative terms involving the volatility, v.
• We must provide a means of dealing with the integral term.
• The IPDE to be solved is
where α ≡ κ v θ and β ≡ κ v + λ v .
• The domain for the problem is 0
• We discretise according to τ n = n∆τ and v m = m∆v.
•
• We use the standard central difference scheme
2∆v .
• We use an upwinding finite difference scheme for the first order derivative term
• Integral term at each grid point estimated via num. integration.
• We assume that the jump sizes are log-normally distributed.
• Applying the Hermite Gauss-quadrature scheme, we have
• We interpolate for the required values of C n m using cubic splines fitted in S along each line in v.
• A second order approximation for the time derivative,
∆τ .
• After taking the boundary conditions into consideration, at each time step n we must solve a system of M − 1 second order IDEs.
• This is done using a two stage iterative scheme.
• First we view the IDEs as ODEs by using C n−1 m as an initial approximation for C n m in the integral term W n m .
• We then solve the ODEs for increasing values of v, using the latest available estimates for C • We iterate until the price profile converges to a desired level of accuracy.
• We update the estimate of the integral term W n m using the current price profile estimate, and repeat the process until convergence is obtained for both levels of iteration.
• The generic first order form of the ODE Delta dC
• We solve above system using the Riccati transform.
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• The Riccati transformation
• Where R and W are solutions to the initial value problems
and V n m is the solution to dV
• We solve for increasing values of S.
• We then find the value S * such that
• Thus S * is the value of the free boundary at grid point (v m , τ n ).
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Numerical Solutions using Componentwise Splitting Method
• A non-standard finite difference method on nonuniform grids.
A uniform grid in v direction with a step size h.
• We approximate the derivatives in the S−direction:
• Discretize the underlying IPDE without jumps by a seven-point finite difference stencil:
where A is a block tridiagonal matrix and C is a vector.
• Use the CN method to discretize the semi-discrete (22):
where N is the number of time steps and I is the identity matrix. The initial value C (0) is given by the payoff function.
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• Solve a sequence of linear complementarity problems (LCPs)
for k = 0, . . . , N − 1.
• We implement the componentwise splitting methods for LCPs based on the decomposition of the matrix A :
• The matrices A S , A Sv , A v contain the couplings of the finite difference stencil in the S−direction, in the Sv−direction, and in the v−direction, respectively.
• They can be made tridiagonal after performing different re-orderings of unknowns for each of those matrices.
• We implemented a second-order accurate splitting method by performing a Strang symmetrization for a basic "three steps" splitting method which uses the Crank-Nicolson method.
• Perform first a half time step with A S and then with A v , a full time step with A Sv , and finally a half time step with A v and then with A S . The notations are as follow:
• We approximate the original LCP (24) by five LCPs as follows:
• Finally, we add the jump integral term I(S, v, τ ) to the explicit side of Table 1 .
Numerical Results
Model Parameter Value: ρ = 0.50 Value: ρ = −0.50
v SV 10% 9% 
MOL ( Table 1 , with ρ = 0.50 and v = 0.04. For CS, the first number in brackets for the CS method indicates the ratio between the grid step sizes at S max and K imposed on the the non-uniform grid in S. 
Efficiency Plots
• We worked out a number of efficiency plots in the next a couple of slides to compare the calculation efficiency with MOL, CS and PSOR.
• We take the solution from PSOR with a big grid consisting of 1, 000 time steps, 2, 000 volatility steps and 4, 000 share steps which is shown in Tables 4 and 5 as a true solution for the price.
• We take the delta and gamma from MOL with a big grid consisting of 500 time steps, 1, 000 volatility steps and 11, 380 share steps as a true solution for delta and gamma.
• The root mean-square relative differences (RMSRDs) for each method in relation to this true solution in the corresponding cases with share prices range from 80 to 120 and ρ = ±0.5. 
Disadvantages of Method of Lines:
• The stability region of MOL is smaller than CS and PSOR.
• Higher order of the tolerance, e.g. 10 −8
, within the SV iteration loop is necessary to update the prices and the jump integrals.
• For some parameters, the iteration within each time step no longer converge to the required tolerance, e.g. 10 
Final Remarks
• Formulated American option under SV + JD dynamics.
• Representation of the solution using Jamshidian's approach.
• Numerical solution by method of lines and component-wise splitting.
• Method of lines is the best in calculating all of American call price, delta and gamma.
